The deflection u of a thin elastic plate is governed by the biharmonic equation 2u = 0, where is the two-dimensional Laplace operator. M(u) reduces to u. Here, the supported plate problem is solved by a Green's function method, closed form solutions are obtained for the disk and the half-plane, and the supported plate Green's functions for these domains are computed explicitly. As a check, the solutions of these boundary value problems are also derived using a modification of the GoursatAlmansi method.
Introduction
The bending of a thin elastic plate, initially occupying a bounded domain Din the (x,y)-plane, by a force perpendicular to the plate is governed by the equation (1) in D, where 11 2 = ( 212/ax 2 + c) -lay 2)2 is the biharmonic operator, u is the normal deflection of the plate, and F (x,y) is the normal force per unit area divided by the flexural rigidity of the plate. One of the following three types of boundary conditions is usually imposed at the edge aD of the plate.
Lt2 u = F(x,y)
(a) clamped plate u = 0, au/an = 0 (b) supported plate u = 0, Au = 0 (c) free plate Au = 0, àAu/an = 0. Here n represents the exterior normal to the boundary cD of D. Strictly speaking, the nomenclature used for (b) and (c) is not correct, for these boundary conditions should be formulated in the more general form where K and 0 are the curvature of D and the arclength along 6 D, respectively, and x is the Poisson ratio [is] . However, the terminology stated above seems to have become accepted in the mathematical literature [7] . When the boundary oD consists of rectilinear segments (as is the case for the half-plane in Section 5 below) it follows that K 0 and u00 = 0 along these segments and hence the boundary condition u = Au = 0 on 6D is correct for all x. Closely related to the above problem is the boundary value problem in which a plate free from normal load is subjected to displacements and slopes along its edge. In this case the deflection of the plate is governed by the biharinonic equation (1)/(c) above, the three problems (2)/(a'), (2)/(b') and (2)/(c') are often called the clamped plate, supported plate, and free plate homogeneous boundary value problems, respectively. These problems have also been termed the first, second, and third boundary value problem for the biharmonic equation [2, 6] . Of these three boundary value problems, only (2)/(a') has received much attention in the literature. The classical Green's function method of potential theory has been extended to this problem, and closed form expressions for clamped plate Green's functions have been obtained for the disk, half-plane, limacon, and other regions [3, 9, 11] . Moreover, a direct method for solving problem (2)/(a') was developed by Almansi [ii and others [10, 14] . This method obviates the calculation of Green's functions and uses forms of Goursat's formula [8] to reduce (2)/(a') to two Dirichiet problems for the given domain. When the domain is a disk, Goursat's formula asserts that any biharmonic function u defined in a disk lxi <R (i.e. u E C' and L 2 u = 0 in Ixi <R) can be represented by
where 4D and '1' are uniquely determined harmonic functions in I x <R. Conversely, the formula (3) in which 'D and 'I' are harmonic in lxi < R represents a biharmonic function u in JxJ < R. The supported plate boundary value problem (2)/(b') seems to have been largely ignored, and it is surprising that the supported plate Green's functions for such common domains as the disk and the half-plane have not even been computed explicitly. However, Reissner [13] obtained the Green's function for a disk in the closely related case of an elastically clamped plate.
In this paper, a Green's function method is developed for problem (2)/(b') which yields the solution of this problem in terms of the supported plate Green's function and the stretched membrane (harmonic) Green's function for the given domain. The supported plate Green's functions are computed explicitly for the disk and the half-plane by a complex variable method first suggested for the clamped plate by Garabedian [5, 6] . Using these Green's functions, explicit integral formulas for the solutions of the homogeneous supported plate boundary value problems are then obtained for these domains. The solutions are also derived without the use of Green's functions by extending Almansi's direct method to these supported plate problems.
The Green's function method
The Green's function method for the supported plate utilizes the Green's identities which have been used to solve the clamped plate boundary value problem. Hence they will first be reviewed here briefly [4, 6] .
Let If this identity is to be used to solve (l)/(b'), the terms in the boundary integral of (5) which contain normal derivatives of u and Au must now be eliminated. This may be accomplished by introducing the supported plate Green's function [7] F(Q,P)=S(r)+y(Q,P), . This identity may be simplified further by noting an important property of the supported plate Green's function which does not hold for the clamped plate Green's function [7] : Let the harmonic Green's function be denoted by G(Q, P), i.e. the function which has the properties AG = 0 for Q * P, Qt D; asymptotically G -T(r) E, (1/270log(11r) for Q = F; and G = 0 for Q £ D. Then it follows from the definitions of F and G and from the relation AS = -T that
1.flQ,P)=-G(Q,P), Q*P.

(8)
When (8) is substituted into (7) the latter expression becomes
This identity may now be applied to problem (l)/(b') to yield the solution of this nonhomogeneous boundary value problem in the form
Thus for any domain D for which the Green's functions r and G and their normal derivatives exist and are regular,,the functions g 1 and g2 are continuous on OD, and F is continuous on D, the solution of boundary value problem (1)/(b') can be represented by (9) . The fact that tite so!uton of problem (1) 
Properties of the supported plate Green's lbnction
The supported plate Green's function has a physical interpretation similar to that of the corresponding clamped plate Green's function. For let a single point force of the 8-function type be applied normal to the plate at P, then the deflection of the plate at Q is given by
The solution of this problem by (9) is
Hence flQ,P) represents the deflection at Qresulting from a unit normal force applied at P to a plane thin elastic plate which occupies the domain D and is supported along its edge D.
A number of other properties of F(Q,P) follow immediately from the easily demonstrated composition formula [7] 
where R € D and dA here represents the area element in the variables used to denote the point R. Since the harmonic Green's function G(Q,P) is known to be symmetric and to have the same sign throughout D, it follows from (10) that these properties also hold for flQ,P) in D. The latter property is noteworthy, since it is known that there exist domains for which the clamped plate Green's function changes sign [61. Interpreted physically, the symmetry of r(Q,P) asserts a version of Maxwell's reciprocity principle, namely that the deflection at a point Q due to a unit force applied at the point P equals the deflection at P due to the same force applied at Q.
The composition formula (10) may also be used to derive an upper bound for flQ,P) on a bounded domain D. For, using the maximum principle for harmonic functions, it is easily shown [12] 
where Q(s, 8) and P(p,(p) are these points in polar coordinates, r is the distance between them, and 7 is the distance from Q to the inverse point of P in the circle s = R. On using the identity -R 2 r 2 = (R 2 -p2)(R 2 -s 2) the quantity? can be eliminated and (12) becomes
_._L. (R 2 -p2 )(R 2 -s2) {cos(-5 -)
. log(r 2 + CR2 -02 XR' -s2)) (13) 167t ps
I. + 2sin08 -p pssin(8-q) )tant ps cos(8 -)_ Rf
The symmetry of this Green's function is now evident.
By letting the variable point Q approach the "load point" P, so that s = p, 8 = p, and r = 0, it is easily seen from (13) that the deflection of the supported circular plate under a unit load at Pis
Figure la exhibits a graph of the supported plate Green's function (13) with the unit force applied upwards to the horizontally held disk at a point 3/10 of the distance along its diameter. The figure thus shows the bending of a thin elastic circular plate which is simply supported along its edge and subjected to this point force. (For illustrative purposes the scale of the deflection has been magnified.) For comparison, a graph of the clamped plate Green's function for the disk subject to an identically located unit point force is shown in Figure lb where the same notation as in (13) has been used. The graphs in Figure 1 , as well as those in Figure 2 in the next section, were computed and plotted using an SAS/GRAPH computer graphics package by Mr. James M. Thompson as part of his master's thesis project at The American University.
It may be observed that the graphs of these Greens functions are very similar. However, it is evident from the graph of the clamped plate that the normal derivative of the deflection vanishes at its edge, whereas for the supported plate it does not. In both graphs the maximum deflection does not take place at the (asymmetrically placed) load point, but rather at a nearby point. This is due to the fact that a plate, unlike a membrane, resists bending.
To obtain the solution of the supported plate boundary value problem for the disk, the normal derivatives of r(Q, p ) and G(Q,P) on c'D must now be computed and substituted into (9) . Making use of the relations r 2 = + p 2 -2ps . cos( -q) and 2 = s 2 + R 41p2 -(2R 2s/p)cos(& -p) and of s = R and p = Rr on OD, the normal derivative of flQ,P) on aD may be obtained from (12) to be
The harmonic Green's function for the disk is G(Q,P) = ( 1/27r) log (p/Rr), and its normal derivative on 6D is the negative of the well-known Poisson kernel
Substituting (14) and (15) into (9) with F(Q) 0 then yields the solution of the homogeneous supported plate boundary value problem (2)/(b') for the disk,
The supported plate boundary value problem for the half-plane
The supported plate Green's function for the half-plane may be obtained by a similar method to that used for the disk in the last section. 
The distances r and 7 may in fact be interpreted in more general terms as the distance from Q to P and the distance from Q to the image point P of Pin any straight line boundary D, respectively. Interpreted in this way, relation (19) represents the supported plate Green's function for any half-plane. According to the remark made in Section 3, physically this Green's function represents the deflection of the plate at any point Q due to two individual point loads, each acting perpendicularly to the plate but in opposite directions at P and P. On taking the negative Laplacian of (19), this expression reduces, in agreement with (8) , to the harmonic Green's function for the half-plane, namely G(Q,P) (112it)log(7/r). A graph of the supported plate Green's function (19) is shown in Figure 2a . For comparison, the clamped plate Green's function for the half-plane A(Q,P) = (1/16 7t )[r 2 log(r 2/7 2 ) -(r2 -7 2 J under the same point load is plotted in Figure 2b . Again, these graphs representing the deflection of the two plates are quite similar, except that the normal derivative of the deflection vanishes at the straight edge of the clamped plate but not at that of the supported plate. Moreover, as for the disk, the maximum deflection for the half-plane does not occur at the load point.
When the normal derivatives of flQ,P) and O(Q,P)for the right half-plane are computed on its boundary OD and substituted into (9) with F(Q) a 0, the solution of the homogeneous supported plate boundary value problem (2)/(b') for the right half-plane is obtained, namely
Direct method for the supported plate boundary value problem
The direct method developed by Almansi [ii for the clamped plate may be extended to solve the supported plate boundary value problems for the disk and the half-plane. This will serve as a check on the solutions obtained by the Green's function method in the last two sections.
To solve the homogeneous supported plate boundary value problem (2)/(b') for the disk in polar coordinates D = {(p , q )I 0 --p R, 0 s p 27r} let a Goursat solution (3) be chosen in the form 
respectively. Substituting and 4, ii) from (26) back into (25) yields u() =
